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Euler equation: Gas disk (2 = 0)
(Include gravity and pressure)

Tt (0 V)i'=—-1Vp—- Vo

In cylindrical coordinates:
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Now assume a simple equation of state: p = K27

The speed of sound: Cg = j—g = vK -1

Now simplify using specific enthalpy h:



2
g gr | vpOvg Yy 9
ot T OR ' R 0¢ R OR ((I) T h)
O Qvg | vy 0vy | VU 1 9
ot TURGR T Roe T R Ra¢(q)+h)

Unperturbed equation: @ = i(CI) + ho)
P q - R — dR 0 0

Perturbed variables:
VR = VR, Vp = Vp,0 T Vg1
h = ho+ hy ¢ =5+ Py

1’st order equations (subtracted 0’th order):
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Search for wave solutions:
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Vp.1; Py his X

e o o Substitute; Solve for velocity components =>

D, + hy) + 222 (D, + hy)]

UR1 — Re[v

URa — — Z [(mﬂ w) dR(

Voo =+ [ — 2B (@, + hy) + 20 (B, 4+ h,)]



VRa = — % |(MQ — w) L (D, + hy,) 2”];9 (P, + hy)]

m(mS—w
Vpa =+ [ = 2BL (B, + hy) + 2222 (D, 4 h,)]

A = r*— (M — w)?

1’st order eq. of state:

_ 2 2g
ha — CS(ZO) E—O
Pattern speed: Qp — %

Exponent of wave: i(meo — wt) = im(¢p — Qt)



Pattern speed vs.




Continuity equation: Gas disk
9 =
L4V - (pv) =0

In cylindrical coordinates:
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For a disk, 1’st order:
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For wave solution:
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Summary: S equations, S unknowns

Euler equation

UR,a — — Z [(mﬂ w) 1R ((I) + h ) RQ ((I)a ha)}

Vpa =+ [ = 2BL(®, + h,) + 22 (D, 4 h,)]

Continuity equation

i(m§ — w)X, 1 %d‘% (RX0UR.q) - WJL%ZO Vp.a =0

Equation of state
_ 2
h — C (EO) 20

+ Poisson Equation



Tight-winding approximation:
Y1(R, ¢,t) = H(R,t)elmo+fR1)

O (R, p,t) = — % ZI(R, ¢,t) (Used Poisson Eq.)

k(R,t) = 8f((9%t) coti =[] >1

Apply 1t here:
Y, = H(R)e/B) I — 4f

P, = — %H(R)eiﬂm

he = G(R)eif () (H, G are smooth, { varies rapidly)
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Euler equation(s)
VRa = — = [(MQ — W)L (D, + hy) +222(D, + hy,)]
VRa =+ (MO — w)k(®, + h,)

m(mSl—w
Vpa =~ [ = 2BL(®, + h,) + 22 (D, + h,)]
Vpa = — = Bk(®, + h,)

Continuity equation

{(mQ — w)S, + 55 (RE0wR,) imREO Vpa =0

(mQ — w)Ea + kZ(ﬂ)R’a = 0 [Dropped 1/(kR) last term]
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Vpa =% (mQ — w)k(®, + h,)

Voo = — % Bk(®, + h,)

5 equations:

(mQ — w)Za -+ kEovR,a =0

(Continuity equation)

_ ke 2mGRolkl )
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A = k*— (MmO —w)?
=>  (mQ —w)*=kr*-2rGI|k| + k*c?
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Dispersion relation

(M — w)? = k* — 20GX|k| + k*c?  Gas disk

k202
(MQ — w)? = k? — 27GY|k| F(=mt 1)

/{,2
Stellar disk (B&T 6-46)

We have established local solutions\/

But not a full global solution:

1) Assumed tight winding

2) Boundary conditions (Disk center & edge)
3) Singularities (Resonances)

Basic reason for spiral structure:
Minimize energy while conserving angular momentum
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(M — w)? = k* — 20GX|k| + k*c®  Gas disk

Consider now axisymmetric perturbations, m=0:
Same equation as long as: |kR| > 1

w? = k* — 2rGX|k| + k¢ Y o et

Stability
Q =555 gz > 1
Stellar disk
Toomre (1964)

Cooling =>
Instability =>

Star Formation i
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compression of surface density
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A 5% spiral potential

Galhictie shook Velocity dispersion

AT 123 - halo stars
} km/s - disk stars
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Spiral Patterns from
Elliptical Stellar Orbits

46 orbits:




