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Let’s start with a short story  
of 100 years ago…

One day in 1925, Peter Debye was sitting in his office …



Let’s start with a short story  
of 100 years ago…

“Professor Debye, your theory on electrolytes  
is incorrect”…



Let’s start with a short story  
of 100 years ago…

Whereupon Professor Debye, after begging the 
stranger to sit down and inviting him to discuss his 
objections, offered him an assistantship for the 
following year…



The young man’s name was Lars Onsager…

J.C. Longuet-Higgins & M.E. Fisher, J. Stat. Phys. (1995)

Lars Onsager 
1903-1976

43 years later (1968), Onsager was awarded the Nobel Prize 
for the “discovery of the (Onsager) reciprocal relations, 
which are fundamental for the thermodynamics of 
irreversible processes”.

~1920 ~1968



• Onsager’s reciprocal relations - Nobel Prize  
• Exact solution of the 2d Ising model   
• The isotropic-to-nematic transition - Liquid Crystals 
• Many works on ions in solutions (electrolytes)

     95 publications including: 
     ice and water, dielectrics, turbulence, He II,                
     de Haas - van Alphen effect in metals, …

Lars Onsager  
Probably the greatest statistical  

physicist of the 20th century



100 years of Electrified Interfaces: 
What’s new with the theories of  

Debye & Onsager?

• Introduction: the 100-year old Poisson-Boltzmann Theory 

• Dielectric properties of electrolytes (Debye, Onsager, Kirkwood) 

• Surface tension of electrolytes (Onsager-Samaras) 

• Conductivity of Electrolytes (Debye & Hückel, Onsager)
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Biology: water is the universal solvent 

– Ions in the cell/blood:  
– Cell membrane: charged lipids    
– DNA, RNA, charged polymers, proteins

Na+, Cl−, . . .

Why electrostatics?

DNA

Cell membrane 



Why electrostatics?

Colloidssoap paint

Industry/chemistry 
▪ Stabilization of colloids, paints, aerosols, emulsions 
▪ Anionic/cationic detergents & soaps



• Entropy of  ions  ~ kT   

• Dielectric solvent  
(water molecules) 

• Mobile ions around 
macro & charged 
objects 

• Screening of Elec. Int. 

• Coupling between 
conformation & ionic 
degrees of freedom

The “Grand” Problem 

Statistical Mechanics of Coulombic Systems

Solvent (water)



The Poisson-Boltzmann Theory

Simeon Denis Poisson  
1781-1840

Ludwig Boltzmann  
1844-1906



Poisson-Boltzmann Equation

• Boltzmann distribution for mobile ion densities:  (1:1 salt) 

• Poisson equation for the potential  : 

• Poisson-Boltzmann equation (non-linear): 

 

ψ

n±(r) = n
bulk

e∓eψ(r)/kT

∇2ψ = −
e
εw

(n+ − n−)

∇2ψ =
2n
εw

sinh(eψ /kT )

• Mean-field densities of ions  &  electric potentials  
• Boundary conditions: Dirichlet (CP), Neumann (CC), 
                                   Charge regulation (CR), …



Adaptive Poisson-Boltzmann Solver (APBS)       
Software for evaluating the electrostatic properties  

of nanoscale biomolecular systems

https://www.poissonboltzmann.org      (NIH)

Also: 
Delarue, Koehl, Orland 

AQUASOL (Inst. Pasteur)

https://www.poissonboltzmann.org


One surface & counter-ions 
Gouy 1910; Chapman 1913
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l* =
2εwkT

eσ
∼ σ−1

n(z) ∼
1

(z + l*)2
∼ 1/z2

Electrostatic potential

Gouy-Chapman Length

Ion profile
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Debye-Hückel 
screening - 1923

lB = e2/(4πεwkT ) ≈ 7Å

λD = 1/ 8πlBn

The Bjerrum Length

The Debye screening length

λD = 1/
2e2n
εwkT

= 3Å/ n[molar]

λD = 3Å for 1M → 1μm for 10−7M

Electrostatic potential

∇2ψ = λ−2
D ψ

ψ(z) ∼ exp(−z /λD)

linear; small ψ
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+
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ionic cloud



Ion hydration shell

Dielectric decrement



• Ion surrounded by dipolar water molecules

Hydration shell around ions

• Response to the E field is reduced: dielectric decrement 

ε(n) < εw

Hydration shell

E
water



Hasted, Ritson and Collie, 1948

Salt 

HCl 10
LiCl 7
NaCl 5.5
KCl 5
RbCl 5
KF 6.5
NaI 8

Dielectric decrement

1[M ]γ −

[M]n

)(nε

Salt conc.
ε(n) ≃ εw − γn



The Dipolar Poisson-Boltzmann 

A mixture of: 
permanent dipoles (water)               bulk concentration 
Ions  +, - bulk concentration 

p
dn

0n

Abrashkin, Orland, Andelman, PRL ’07 
Levy, Orland, Andelman, PRL ’12



The Dipolar PB

The free energy of point-like ions and dipoles  

Mean-Field:   the Dipolar PB equation
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Hydration layer

Solve the Dipolar PB around a point ion

φ

+

hydration layer thickness   

~ [1 2]Åh B
pl l
e

≈ −

hl

hl

profile around ion

lB = e2 /εwkT ≃ 7Å Bjerrum

ε

Levy, Orland, Andelman, PRL ’12; JCP ’13



Hasted, Ritson, Collie, 1948

0( )n nε ε γ−=

Salt 

HCl 10
LiCl 7
NaCl 5.5
KCl 5
RbCl 5
KF 6.5
NaI 8

Back to dielectric decrement

1[M ]γ −

[M]n

)(nε

Salt conc.



Dipolar PB: 
 one-loop expansion

• Field-theory expansion of the free energy  

• Fluctuations in dipole and ion densities; finite ion size a 
• One loop produces a closed analytical formula                            

 complex expression - not shown 

Simple expression for low salt concentration  

            

n

γ and ζ are functions of : lB, εw, and a

Adar, Markovich, Orland, Andelman, JCP ’18   
Levy, Orland, Andelman, PRL ‘12

ε(n) ≈ εw − γn + ζn3/2 + . . .

γ = 2a3εw(1 +
4lB
3a ) ; ζ ≃ 5.2εwl3/2

B a3

Dielectric decrement



Comparison with Experiments

Dielectric constant of simple salts:                    
extrapolating to static behavior from high frequencies
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Beyond Onsager-Samaras

Ion-surface

Surface Tension of ionic Solutions:



Surface Tension of electrolytes: 
Onsager-Samaras (1934)

• Ion depletion from neutral interface 

• Onsager-Samaras 
 Dielectric discontinuity & Debye-Hückel theory 

                                                 

water airε ε>

0 0    increase tension with salln t conc.kTn nγ ≈ Non-specific

80   waterε =

1   airε =

-

- 
Image charge

neutralrepulsive
air water

( )n z
bn

(Continuum)

n

n ∼ λ−2
D

γ ≈ kTn ln n



Ion-Specific 
Surface Tension

Water/Air Surface Tension: 
Ion Specificity

Cl Br I  F  − − − −> > >

Hofmeister series

Exp: Matubayasi et al (2001)

OS

salt  

Onsager-Samaras works  
only at very low salinity

F

Cl

I

Br

≤ 10mM



➢ Experiments on protein precipitation 
  
➢ Many chemical and biological systems 

➢ Ionic specific (not only the charge) 

3- 2- 2- - - - - - -
3 4citrate >sulfate > phosphate >F >Cl >Br > I > NO >ClO

+ + + + + + 2+ 2+ 3+
3 4 4N(CH ) NH > Cs > Rb > K > Na > H > Ca > Mg > Al  +>

most stabilizing 
strongly hydrated anions

weakly hydrated cations strongly hydrated cations 

most destabilizing 
weakly hydrated anions

F. Hofmeister, Arch. Exp. Pathol. Pharmakol. (1888)

Hofmeister Series: 
Ionic specific effects (1888)



Self-Consistent Field Theory: 
Surface-ion interaction

Markovich, Andelman, Podgornik (JCP ’15)

80   waterε =

1   airε =

- :  adhesivityα

• One-loop expansion:  
OS and ion specific effects

analytical

neutral

γ = γos + γion spec.



Surface Tension of Electrolytes: 
analytical results

• a:   distance of closest approach (ion “size”) 
       Analytical results for small a  

• Effective surface charge                                                  small 
   

0 ~ ( / )e n kTσ α

Ion-specificOnsager-Samaras

γ
kT

= −
λ−2

D

16π
1 − ε
1 + ε

ln(a /λD) + const ×
σ2

e (α)
(ε + 1)2

ln(a /λD)

Markovich, Andelman, Podgornik (JCP ’15)



Ion-Specific 
Surface Tension

Self-Consistent Theory: 
Fit with experiments

/ (NaF)        ions at air/water

ionic siz

0.18 

e   7.1Å

0.02 (NaI

9  

)

6.

kT
r r

α

+ − ≈ −= +

≈ →

air-water interface

I   F BCl r − −−− > > >

Strong  fluctuation effect

OS

Hofmeister Series α

Markovich, Andelman, Podgornik (JCP ’15)



Conductivity of Concentrated 
Ionic Solutions



Monovalent ions: ±e

⟨n+⟩ = ⟨n−⟩ = n

κ =
⟨J⟩
E0

E0 → 0
Linear response     ⟨J⟩ ∝ E0

Conductivity of  
Ionic Solutions

Conductivity



n → 0
No interactions: n → 0

κ =
⟨J⟩
E0

κ0 = 2e2μavn

μav =
μ+ + μ−

2

The conductivity is linear 
in the concentration

Dilute Limit 

Mobility

Conductivity



Direct electrostatic 
interactions

Hydrodynamically mediated 
electrostatic interactions

κ (λD) = κ0 1 −
rs

λD
−

1
3 (1 −

1

2 ) lB
λD

L. OnsagerP. Debye

DHO Theory

E. Hückel

 = Debye Screening length 

   = Bjerrum length

λD
lB

Beyond the Dilute Limit: 
Hydrodynamics & Correlations

Reduced Stokes 

rs =
1

6πημav

 = viscosityη



Direct electrostatic 
interactions

Hydrodynamically mediated 
electrostatic interactions

κ (λD) = κ0 1 −
rs

λD
−

1
3 (1 −

1

2 ) lB
λD

L. OnsagerP. Debye

DHO Theory

E. Hückel

Beyond the Dilute Limit: 
Hydrodynamics & Correlations

κ(n)
κ0

< 1-
+

-
+



DHO equation works only  
for very dilute solutions

Experiments DHO theory

Low Concentration
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High Concentration

Something is 
miss

ing … 



Finite ion size: beyond DHO
<latexit sha1_base64="sd06i+c1js2guWn32REFwFbft+M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRBI8V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH/Q1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cNtze+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt5F9fz+vFK7zuMowhEcwyl4cAk1uIM6NIDBAJ7hFd4c4bw4787HvLXg5DOH8AfO5w+/WY11</latexit>

E0
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+
+
-

concentrated solutions

• Stochastic density functional theory

Dean ’96; Dèmery & Dean ’16; Pèraud et al. ’17 

• Accounting for ion size through a modified ion-ion potential

j± = un± − D± ∇n± + μ±f± − 2Dαn±ζ±

advection diffusion electrostatic stochastic current

Avni, Adar, Orland & Andelman, PRL ‘22



The Conductivity: 
Simple correction to DHO 

DHO equation: κ (λD) = κ0 1 −
rs

λD
−

1
3 (1 −

1

2 ) lB
λD

κ (λD) ≈ κ0(1 −
rs

λD
e−a/λD −

1
6 (1 −

1

2
+ e−2a/λD −

1

2
e− 2a/λD) lB

λD )
In the limit of a /λD ≪ 1

Avni, Adar, Orland & Andelman, PRL ‘22



No fit parameters!

Comparison with experiments  

Avni, Adar, Orland & Andelman, PRL ’22 
Avni, Orland, Andelman, JCP ‘22

DHO

Ours
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Temperature dependence 

DHO

Ours

KCl
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Conclusions 
Going beyond Onsager's theories

• Interaction of ions and dipoles 
Hydration shells & dielectric decrement 

      
• Ion specific effects at interfaces 

Surface tension of electrolytes  

•  Conductivity of concentrated solutions  
Finite size of ions

+

air water

( )n z
bn
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